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On the Relationships Among Traffic Load, Capacity,
and Throughput for the M/M/1/m,
M/G/1/m-PS, and M/G/c/c Queues

Serhan Ziya

Abstract—System throughput is one of the widely used performance
measures in manufacturing, communication, and service networks.
Although there are exceptions, throughput of such systems typically
increases with additional capacity. We investigate how this improvement
in throughput depends on the traffic load. More specifically, we consider

� , � , and queues, all of
which arise in a variety of contexts. For the queue, we show
that throughput improvement (both nominal and relative) that would be
obtained by adding an extra server is increasing in the traffic load. For the

� and � queues, we show that throughput
improvement (both nominal and relative) that would be obtained by adding
an extra buffer space is unimodal in traffic load. In particular, the relative
improvement is maximized when the traffic load is one regardless of the
buffer size. We also prove a new structural property for the blocking
probability of the � and � queues.

Index Terms— � , � , and
queues, throughput.

I. INTRODUCTION

One of the widely used performance measures for both manufac-
turing and communication networks is the system throughput, which
has also been well-studied in the academic literature. Many authors
have used queueing models in order to generate insights on the relation-
ship between throughput and system parameters, how networks should
be designed so that throughput is maximized or kept at some reasonable
level, and also how it can be estimated or approximated for relatively
complex systems. For some examples of such work, see Buzacott and
Shanthikumar [3], MacGregor Smith and Cruz [17], Duenyas and Hopp
[7], and Chen and Jordan [6].

We are mainly concerned with understanding the relationships
among system capacity (buffer or service capacity), throughput1, and
traffic load. Typically, as intuition would suggest, throughput increases
as the system capacity increases. (This can be easily proven for many
standard single-station queueing models, but there are some excep-
tions.)2 What is much less clear is how this increase in throughput
depends on the system load. To be more precise, if we compute the
throughput improvement that would be obtained as a result of an
increase in the buffer or service capacity, would this improvement be
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1The word “throughput” has been defined differently in different contexts
(see, e.g., Chen and Jordan [6]). Here, we define it as the number of jobs served
by the system per unit time.

2It is generally reasonable to expect the throughput to increase with
the buffer and/or service capacity. This can be verified for many standard
queueing systems such as the ������� queue (see, e.g., Köchel [15])
and in fact Sonderman [21] showed that the result holds under more general
conditions. However, the result is not true in general. See, Whitt [22] for a
counterexample.

higher when the system is lightly loaded or when it is heavily loaded,
or perhaps when it is somewhere in between? Our objective here is to
investigate this question using some standard queueing models. Our
results provide insights on what type of systems would benefit most
from an increase in capacity thereby also suggesting a way to aid in
capacity expansion decisions concerning a group of independently
operated stations.

More specifically, we consider�������,����������, and
������� queues. For the former two systems we increase the buffer
space�, while for the last system, we increase the number of servers �
and we observe how the system load effects the improvement obtained
in throughput as a result of these changes. Single station queueing
models are typically better fit for networks with simple structures, but
their analysis can also provide valuable insights on complex systems
since some of these simple models carry the essential characteristics of
the original systems. The three queueing models we investigate in this
paper have frequently been used in various settings.

1) The ������� Queue: Buzacott and Shanthikumar [3] exten-
sively discuss how various queueing models can be used in the analysis
of manufacturing systems. Among other queueing models, they use the
������� queue to model a single machine produce-to-stock system
with lost sales. In this system, there are � “production authorization”
(PA) tags in total and each product in store has a PA tag attached to it.
When a product is sold, the attached PA tag is removed, and it is sent
to the machine to authorize a new production. Hence, at any point in
time, there are at most� products in stock. If there are no items in stock
when a customer arrives, that customer is lost. In these systems, PA tags
help keep production and inventory levels under control. One of the
important decisions here would be how many PA tags to use, or equiv-
alently how to set the maximum inventory level in the system. Such
a decision would take various factors into account including inventory
holding cost, system throughput, etc. (Buzacott and Shanthikumar con-
sider one example where the objective is to maximize the long-run av-
erage net profit.) Therefore, it is important to understand how changes
in the maximum inventory level would affect the system throughput,
and under what conditions such changes would have the most impact
on the throughput. We find that additional inventory space increases
throughput by a larger amount when demand is neither too low nor too
high compared with the production capacity.

2) The ������� � �� Queue: Processor sharing queueing
models are frequently used in the networking literature to model
systems where users share a fixed amount of bandwidth. For some
examples, see Roberts [20], Berger and Kogan [2], Cao et al. [4],
Chen and Jordan [6] and references therein. In particular, Cao et al.
use the ������� � �� queue to model the jobs in a web server.
The authors derive expressions for some of the web server perfor-
mance measures including throughput, and show that the performance
predicted by the model fits well with what the authors observe in
practice in an experiment where a Web server is sent dummy requests
from clients. On the other hand, Chen and Jordan specifically focus
on throughput stating that the throughput “is the most common
performance metric for data applications in the Internet”. The authors
consider the �������� �� queue, derive expressions for various
performance measures related to throughput and average transmission
rate, and provide several structural results on the relationships among
these measures. In this context, the finite buffer capacity � stands
for the queueing capacity for the server and thus our results provide
insights on how changes in this capacity affect the system throughput.
According to our results, changes in the buffer capacity have the most
significant effects if the load on the system is neither too low nor too
high.
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3) The ������� Queue: The Erlang loss system, i.e., the
������� queue is used in a variety of applications including
telecommunication and service networks (see, e.g., Gross and Harris
[9] and Gans, Koole, and Mandelbaum [8]). It is easy to show that
as the service capacity of the system increases, the throughput also
increases, but we investigate how this increase depends on the traffic
load on the system. For telecommunication networks, our results
provide insights on the benefit of having an additional line available
for incoming calls and for service networks, they give insights on the
benefits of having an additional server. It turns out that the benefit of
having an additional line or a server is higher when system load is
higher.

In short, the questions we investigate in this paper are relevant in the
design and optimization of communication, manufacturing, and service
networks. Numerous papers have addressed similar design and opti-
mization questions, however, to our knowledge, there is no prior work
that investigates the relationship between the traffic load and the effect
of capacity changes on the throughput. There is significant amount of
work that proves structural results on some performance measures in-
cluding the system throughput and blocking probabilities. These papers
mostly prove convexity of various performance measures and blocking
probabilities with respect to certain system parameters.

The ������� queue in particular has received significant atten-
tion. For example, Messerli [18] shows that the blocking probability is
convex in the number of servers. Jagers and Van Doorn [12] generalizes
this result for the case where the parameter for the number of servers
is not necessarily an integer. Jagerman [11] proves several structural
properties including the log-convexity of the inverse of the blocking
probability in the number of servers. Yao and Shanthikumar [23] show
that the blocking rate is increasing convex in the arrival rate. On the
other hand, Harel [10] and Krishnan [16] prove that the the blocking
probability is jointly convex and throughput is jointly concave in the
arrival and service rates.

On the other hand, with some exceptions, not much has appeared
on the structural properties of the blocking probability and related per-
formance measures for queueing systems with delays. Chang et al. [5]
prove that the blocking probability is decreasing convex in the number
of servers and in the service rate for the ������� queue, Pacheco
[19] considers the������� queue and shows that the blocking prob-
ability is convex in�, convex in the traffic intensity for low traffic load
and concave for high traffic load. Ziya et al. [24] prove some mono-
tonicity results for the ������ queue. One implication of their results
is that the blocking probability is non-decreasing in the arrival rate for
the �������� queue.

It appears that there are mainly two reasons why blocking proba-
bilities have received such attention. First, blocking probability, like
throughput is an important measure by itself (see Altman and Jean-
Marie [1]). Second, structural properties of blocking probabilities can
be quite useful in the optimal design of queueing systems since any
optimal design problem that concerns a loss system is highly likely to
include the blocking probability in the objective function. In this paper,
although our main focus is on system throughput, we also prove a new
structural property for the blocking probability for the������� and
�������� �� queues, which we use in proving some of our main
results, but the result is also of independent interest because of this im-
portance of blocking probabilities.

The rest of the paper is organized as follows. In Section II, we in-
vestigate the relationship between the traffic load and the throughput
improvement that would be obtained with an additional buffer space in
������� and �������� �� queues. We prove that both nom-
inal and relative improvement in throughput are unimodal functions of
traffic load and that relative improvement is maximized when traffic
load is 1. In Section III, we study the ������� queue and investigate

the effect of changes in � on the throughput. We find that both nominal
and percentage improvement in throughput are increasing functions of
the traffic load on the system.

II. INCREASING THE BUFFER SIZE OF THE �������
AND �������� �� QUEUES

Consider an������� queue with � � � 	� where jobs arrive
with rate 
 and the service rate � � � without loss of generality. We
use � � 
�� � 
 to denote the traffic intensity and����� to denote
the blocking probability, i.e., the long-run proportion of customers who
find the system full and balk. It is well-known that ����� can be
expressed as follows (see, e.g., Gross and Harris 1998):

����� �
������

���
� � �� �

�
���

� � � ��
(1)

Now, consider an �������� �� queue, i.e., ������� queue
working according to the processor sharing service discipline where
jobs arrive with rate 
 and the mean service time requirement for each
job is ��� � �. Then, it is known that the limiting distribution of the
number of jobs in the system is the same as the limiting distribution
of the number of jobs in the ������� queue (see, e.g., Kleinrock
[14]). Therefore, the blocking probability for the ������� � ��
queue is also as given in (1) and both the ������� queue and the
�������� �� queue have the common expression for throughput
given by

� ����� � ����������� (2)

In the rest of this section, we prove several results on the blocking
probability as well as the throughput given by (1) and (2), respec-
tively. Obviously, our results apply to both the ������� and the
������� � �� queues.

We start with a technical result for the blocking probability, which
is needed for the proof of one of the main results that follow. First, let
���� denote the first derivative of���with respect to �. Then, we can
show the following:

Lemma II.1: Let ������ � ���������� ������ for � � �
and � � �. Then

i) ������ � ��� for � � �.
ii) ����� � �� � ������ for � � �.

iii) ����� � �� 	 ������ for � 	 �.
Proof:

i) The derivative of (1) with respect to � gives

������ �
� �� ����������

���� �
� � �� �

�

����
� � � ��

(3)

Then, it immediately follows that ������ � ���.
ii) Using (1) and (3), after some algebra, it can be shown that

������ ���������

�
������� �� ��� ������ �������� �����

��� ������ �������� �����

which further simplifies to

������ ���������

�

�������� ���
�

���

���� � � ������

��� ������ �������� �����
� (4)
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Then we have ������ ��������� � � if � � �.
iii) From (4), it follows that ������ ��������� � � if � � �.

Now, define ������ to be

������ � � ����� ��� � ����� �	
 � � �� (5)

Then, ������ is the nominal improvement in throughput that would
be obtained by adding one additional buffer space to the queue. We are
interested in determining how ������ behaves as the traffic load �
changes. Theorem II.1 characterizes this behavior.

Theorem II.1: For any fixed � � �, ������ is unimodal in � and
it has a unique maximizer ����� � �. More precisely, there exists
� � ����� � � such that

	

	�
������ � ������� �	
 � � ������������

Proof: Suppose in the following that � �� �. (Note that explicitly
considering the point � � � does not change the proof significantly
since it easy to show that ����� �� � for any � and that ������ is
continuous and differentiable in �.) Using (1), it can be shown that

������ �
������� ���

��� �������� �����
�

Let ������� denote the first derivative of ������ with respect to �.
Then, after some algebraic simplifications, we obtain

������� �
��� ������ �������� �������������

��� ��������� ������
(6)

where

������ �
�� �

�� ����
�
������� ��

�� ����
�

��

�� �
� (7)

Clearly then the sign of ������� is determined by the sign of
������. Now, ������ � � � �. Therefore, it is sufficient to show
that ������� � � for all � � � and that there exists ����� �� such
that ����������� � � where ������� denotes the first derivative
of ������ with respect to �. Taking the derivative, we find that
������� � � if and only if

��� ���
��

��� ������
� ��� ���

����

��� ������
�

�

��� ���
� ��

Then, it is sufficient to show that for all � � � and � � �


������
�

��� ���
� �

where


����� �
��� �����

��� ������
�

It is easy to establish that


��� �� �
���� ���

��� ����
� ��

We will now show that 
����� � 
����� ��, which will complete
the proof. Now, 
����� � 
����� �� if and only if

��� ���

��� ���
�

��� ������

���� ������
� (8)

Now, taking the derivative of ���� ����������� �������, we find
that ������ ��� ����������� ������ � ���� if and only if

���� ��������� ��� ��� ������� � ����� � �����

The left hand side can be simplified as

������������� ��� ��� �������������

���� ������������� � ������ � ��������������

���� ������������� � ������ � �����

� ������������ � ����������

���� ���������� ���������� ����� � ��������� �����

� ��� ������ ��� ������ � � � � ��� � ������

���� �� ��� ������� � ������� �������� � �����

�� � ����� ���������� � ��

which is positive for � � � and negative for � � � since
each product in the second parenthesis is negative for
� � � and positive for � � �. Clearly, then the function
���� ����������� ������� is minimized at � � �. Using
L’Hospital’s rule gives ��������� ����������� �������
� ���� ������� ����, which implies that (8) holds. Hence, we
proved that ������� � �, which implies that there is at most one
solution to ������� � �. Finally, it follows from the proof of
Theorem II.2 that there is indeed a solution ����� ��.

According to Theorem II.1, for any buffer capacity �, the nominal
improvement in throughput is first increasing then decreasing in the
traffic load � having a unique maximizer �����. When � is small (less
than �����), the buffer capacity does not have much impact on the
throughput since few customers are blocked, however as � increases
(getting closer to �����), the effect of buffer space also increases and
thus gains from an additional buffer space are also higher. However,
when � is large (greater than �����), additional buffer space does
not have much use since service capacity (rather than the buffer ca-
pacity) becomes more of a bottleneck. As � increases over the interval
���������, the steady-state probability of the server being idle gets
smaller for any fixed buffer capacity and thus an additional buffer space
has diminishing marginal value.

The following theorem describes how ����� changes with �.
Theorem II.2: The maximizer for ������, ����� is monotone de-

creasing in �, bounded above by 1.8 and below by 1. More precisely,
we have

����� � ����� � � � � ����� � ����� �� � � � � ��
���

���� � ��

Furthermore, ����� is the unique solution to

�� � ��� � � �� � � �

and ����� � ���.
Proof: First, note that ����� is bounded below by 1 since

������� � ������ � ���� � ��� � � where ������� denotes
the first derivative of ������ with respect to �. Then, in order
to establish the monotonicity property, it is sufficient to show that
����� � �� � ������ for � � � where ������ is as given
in (7). After a few algebraic simplifications, we can show that
����� � ��� ������ � � if and only if

�����
� ������ ���� � ��� ������ � �����

� �� � ��
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Thus, we need to show that �����������������������
�� � �

for � � �. We establish that by first observing that �� � ���� �
�� � ������ � �����

� � � � for � � � and showing that its
derivative is positive for � � �. Now the derivative can be shown to be
positive if and only if � � �� � ���� � ����� � �, which can be
shown to be correct using a simple induction argument. Thus, �����
is decreasing in �, bounded by 1 and therefore it has a limit. Then,
�	
��� ����� � � can be shown using the fact that ������� �
������� ����� ��� and �	
��� ���� �� � � for any � � �. The
rest of the result can easily be shown by solving for ���� �� � �.

According to Theorem II.2, the value of traffic load that maximizes
the throughput improvement is between 1 and 1.8 and is decreasing in
�. Theorems II.1 and II.2 together provide useful insights on the effect
of traffic load on the improvement in throughput as a result of buffer
size additions. Our results imply that the throughput improvement as
a result of a queueing capacity increase would be largest for servers
with loads that are neither too large nor too small (more precisely
when the load is between 1 and 2). In the case of produce-to-stock sys-
tems, this implies that adding another PA card will be most beneficial
when the customer demand is neither too high nor too low compared
with the production capacity. Similarly, for a web server, increasing the
queueing capacity will have the largest benefit on throughput for sys-
tems that are neither too heavily nor lightly loaded.

Suppose now that, among a group of independently operated queues
with identical service and buffer capacities, we would like to determine
the one that would benefit most from having an additional buffer space.
Then, based on our results, we know the following: For any two servers
for which the traffic load is less than 1, throughput improvement will
be higher if the additional buffer space is given to the queue with the
higher traffic load. On the other hand, for any two queues for which the
traffic load is greater than 1.8, throughput improvement will be higher if
the additional buffer capacity is given to the queue with the lower traffic
load. On the other hand when buffer size is very large, the additional
buffer space should be given to the queue for which the traffic load is
approximately 1, if there are any.

In the proofs of Theorems II.1 and II.2, we also obtain some
useful expressions, which can be used for optimization purposes.
For example, suppose that we would like to determine the potential
throughput improvement that would be obtained by adding extra buffer
spaces to a system of 	 parallel queues, by possibly redistributing the
total system load to the queues but perhaps under some constraints.
Adding subscripts to our original notation, let ��������� denote the
throughput improvement that would be obtained by an additional
buffer space in queue 
. Now, consider the following optimization
problem:


�
� �� ������

�

���

���������

����

�

���

�� � ���

�� � ��� 
 � �� �� � � �	 (9)

where �� is the total load that needs to be distributed to 	 queues, and
�� is the constraint set for ��, the load on queue 
. Then, the solution
to Problem (9) is an upper bound on the maximum improvement that
would be obtained in throughput as a result of changes in the buffer
capacities and in obtaining this solution, the derivative expression(6),
which we derived in the proof of Theorem II.1 can be readily used.

In assessing the value of an additional buffer space, it is also of in-
terest to look at the relative improvement in the throughput as well.
Define ����� to be

����� �
� ����� ��

� �����
��� � � �� (10)

Hence, ����� gives the relative improvement in throughput that
would be obtained by adding one extra buffer space to the queue.
Then, we can prove the following.

Theorem II.3: For any fixed � � �, ����� is unimodal in � and
�� � � is its unique maximizer. More precisely,

�

��
����� � ������� ��� � � ��������

Proof: First note that since ����� is a strictly increasing function,
it is sufficient to show that

�

��
��

�������� ��

��������
� ������� ��� � � ��������

Now, it is easy to show that

�

��
��

�������� ��

��������
�

�������

��������
�

������� ��

�������� ��
�

Then, the result immediately follows from Lemma II.1.
The fact that ����� is unimodal in � may not be surprising given

Theorem II.1. However, it is interesting that ����� is maximized at
� � � for any value of �. Regardless of what the buffer space is,
relative improvement in throughput is maximized when the job arrival
rate to the system is the same as the service rate.

III. INCREASING THE SERVICE CAPACITY OF THE ������� QUEUE

Consider an ������� queue with � � � � �. For convenience,
we use the same notation as in Section II. Customers arrive with rate �,
and the mean service time is ��� � �. We use � � ��� � � to denote
the traffic load. With a slight abuse of notation, we also use ���� ��
and � ��� �� � ��� � ���� ��� to denote the blocking probability and
throughput, respectively.

It is well-known that ���� �� can be expressed as follows (see, e.g.,
Gross and Harris 1998):

���� �� �
�

��
�

���

�

��

��� � � �� (11)

Before we give our main result of this section, we first give the fol-
lowing lemma, which is due to Kelly [13], and is crucial in establishing
our main results of this section. Again, we use ����� �� to denote the
first derivative of ���� �� with respect to �.

Lemma III.1: We have

����� ��

������ ��
� ���� �� ������� �� ��� � � � ��� � � ��

Now, define ���� �� to be

���� �� � � ��� �� ��� � ��� �� ��� � � �� (12)

Hence, ���� �� is the nominal improvement in throughput that would
be obtained by adding one extra server to the ������� system. Also
define � ��� �� to be

� ��� �� �
� ��� �� ��

� ��� ��
��� � � �� (13)

Then, � ��� �� gives the relative improvement in throughput that would
be obtained by adding one extra server to the ������� system.

We can prove the following result for ���� �� and � ��� ��.
Theorem III.1: Both ���� �� and � ��� �� are strictly increasing in

�, i.e., ���������� �� � � and ������� ��� �� � � for � � �.
Proof:
First, we prove the first part of the result: ����� �� � � where
����� �� denotes the first derivative of ���� �� with respect to �.
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Let ���� �� � ���� �� � ���� � � �� and ����� �� denote the
first derivative of ���� �� with respect to �. From Lemma III.1,
we have

���� �� �
����� �� ��

������ �� ��
�

Using this, we get

����� �� ������ �������� �� ��

����� �� ��������� ���

����� ��������� �� ���� (14)

where ������� denotes the first derivative of ������ with re-
spect to �. Using (14), we get

����� ��

���� ��
�
���� �� ��

���� ��
������� ���� ������� �� ���

� ������� ���� ������� �� ��� � ����� ��

where the inequality follows from the convexity result of Messerli
(1972). Thus,

����� ��

���� ��
� ����� ��� (15)

Now, suppose for contradiction that there exists �� � � such that
	����� �� � �. Then, it can easily be shown that

������ ��

����� ��
� �

�

��
�

Using (15), we get

����� �� �
�

��
� (16)

Since throughput cannot increase more than the service capacity
of a single server (which can be shown to be correct using the
convexity of ���� �� with respect to �), for any � � �, we have
	��� �� 
 �. Dividing both sides of this inequality by �, we get
���� �� 
 ����, which is a contradiction to (16). Hence the
result follows.
We now prove the second part of the result: � ���� �� � � where
� ���� �� denotes the first derivative of � ��� �� with respect to �.

It can be shown that

� ���� ��

�
������ �� �� ������� ��� � ������� �� �������� ��

������� ����
�

It follows that � ���� �� � � if and only if

����� �� ������� �� ��������� �� �� ������� ��� � �� (17)

Dividing both sides of (17) by ������� �����, we get the equivalent
condition

����� ���
����� �� �� ������� ���

������ �� ��
� �� (18)

From Lemma III.1, we know that ����� � � �� �
������� �� ��� ����� ������� �� ���. Using this prop-
erty twice in (18) first for the term ����� � � ���� � ���� � � ���
and then for ����� ��, we find that (18) simplifies to

������� ���

� ������ �� ������� ���� ����� ������� �� ���� � ��

(19)

Finally, since ���� �� is known to be convex in � for fixed � (see, e.g.,
Messerli 1972), it follows that (19) holds and thus � ���� �� � �.

According to Theorem III.1, throughput improvement (both nomi-
nally and percentage-wise) that would be gained by an additional server
is higher for higher values of �. An additional server would be most
useful if its utilization can be kept at a high level and server utilization
can be kept high if the traffic load on the queue is high. Therefore, the
throughput improvement brought by additional server will be higher
the higher the traffic load on the queue.

As in the case of the models we analyzed in Section II, some of
the expressions we have derived in this section (e.g., (14)) can also
be useful in solving throughput optimization problems involving
���� queues (similar to Problem (9) of Section II).

IV. CONCLUSION

We have investigated how throughput improvements as a result of
capacity increments are affected by the traffic load on the system. For
the sake of analytical tractability, we focused on queues with rela-
tively simple structures, however, interpretation of our results for these
simple queues provides insights that can be useful for systems that
are much more complicated. For example, based on our results for the
���� and ������	 queues, it appears that a lightly or
very heavily loaded system with a finite space for incoming jobs will
not benefit much from increasing its buffer size while systems with
mid-levels of traffic load will benefit the most. Additional buffer space
for a lightly loaded system is not of much use because unless the buffer
space is extremely small, jobs are rarely blocked. On the other hand,
for a heavily loaded system, the real problem is the limited service ca-
pacity. Unless the buffer space is extremely small, the server will rarely
idle because of the high load on the system. Thus, there is no strong in-
centive to increase buffer space when the load is low or when it is high.
Our analysis of the ���� system suggests that, at least for sys-
tems with no delays, the benefit of increasing the service capacity will
be higher the higher the load on the system. Higher benefits will be
realized if the utilization can be kept at high levels, which will be the
case if the traffic load is high.
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Necessary and Sufficient Conditions for State Equivalence
to a Nonlinear Discrete-Time Observer Canonical Form

Hong-Gi Lee, Member, IEEE, Ari Arapostathis, Fellow, IEEE, and
Steven I. Marcus, Fellow, IEEE

Abstract—In this technical note, we obtain necessary and sufficient con-
ditions for a multi-input, multi-output, discrete-time nonlinear system to
be state equivalent to a nonlinear observer form, and for an uncontrolled
multi-output system to be state equivalent to a linear observer form. We
adopt a geometric approach, and the proofs are constructive with respect
to the required coordinate change.

Index Terms—Nonlinear discrete-time control systems, nonlinear ob-
server form, state equivalence.

I. INTRODUCTION

The problem of observer design is prominent in control theory. Un-
like linear systems, observer design for nonlinear systems is rather
difficult. Observers for continuous time nonlinear systems were first
investigated by Krener and Isidori [1] for time-invariant systems and
Bestle and Zeitz [2] for time-varying systems, independently. The re-
sults were extended in [3]–[7]. For discrete-time systems, the problem
has been investigated by several authors, see for example [8]–[22]. Lin
and Byrnes [13] have obtained necessary and sufficient conditions for
autonomous systems, but their approach does not seem to extend to sys-
tems with inputs. Califano et al. [8], Chung and Grizzle [9], and Lee
and Nam [12], [15] have considered the problem under the restriction
that the drift term is locally invertible. The work in [14] opened the
path for direct nonlinear observer design without relying on the struc-
ture of linear observers. This was followed by the work in [10], [11],
[16], [18]–[22].

In this technical note we revisit the problem of equivalence through
a state transformation to a nonlinear observer canonical form [see (2)]
of a discrete time system. We adopt a geometric approach and charac-
terize equivalence through an auxiliary derived system [see (7)] whose
dynamics are linked to those of the original system. Necessary and suf-
ficient conditions for equivalence are given, and the proofs are con-
structive with respect to the required coordinate change. Concerning
the autonomous system in (1b), a similar characterization is obtained
in [13]. The method adopted allows us to characterize state equiva-
lence of the multi-input, multi-output controlled system (1a) to the non-
linear observer form in (2). As far as we know such a characterization
is lacking in the existing literature. Even some of the most recent pa-
pers that allow both state and output transformations (see for example
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